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Abstract
It is shown that a two-dimensional micropolar fluid flow in a bounded domain Ω admits a global attractor
which is compact in the space H 2(Ω)3 and attracts sets of functions bounded in the norm of L2(Ω)3.
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1. Introduction
Consider the micropolar fluid motion model introduced by Eringen [2] in a two-dimensional
domain Ω ⊂ R2. The micropolar fluid flow is described by a velocity vector field v = (v1, v2),
a scalar pressure π and a scalar microrotation field w, which are governed by the following
micropolar fluid motion equations:
∇ · v = 0,
∂
∂t
v − (ν + κ)v − 2κ∇ ×w + ∇π + v · ∇v = f,
∂
∂t
w − γw + 4κw − 2κ∇ × v + v · ∇w = g
⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭
(1.1)
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v|∂Ω = 0, w|∂Ω = 0 (1.2)
and the initial condition
v|t=0 = v0, w|t=0 = w0, (1.3)
where f = (f1, f2) denotes an external body force and g represents an external scalar body
element, ν > 0 is the Newtonian kinetic viscosity and κ  0 and γ > 0 are gyration viscosity
coefficients. Here
∇ × v = ∂v2
∂x1
− ∂v1
∂x2
, ∇ ×w =
(
∂w
∂x2
,− ∂w
∂x1
)
.
For simplicity, the external vector field F = (f, g) = (f1, f2, g) is assumed to be independent
of t .
Let us mention that, if κ = 0 and w = 0, the micropolar fluid motion equations (1.1) become
the two-dimensional Navier–Stokes equations.
Mathematical theory of micropolar fluid flows has now extensively studied. For example, one
may consult with [3,4,7–11] for existence, uniqueness and regularity of solutions.
In this paper, we are interested in the global attractor of (1.1)–(1.3). The existence of a L2
global attractor of (1.1)–(1.3) with the bounded domain Ω has been obtained in [5]. It is purpose
of this paper to prove the existence of a H 2 global attractor of (1.1)–(1.3). This result implies
that the L2 global attractor derived in [5] is compact in the H 2 space.
To state the main result of this study, we adapt the usual Hilbert spaces:
Hk(Ω)n =
{
ϕ ∈ L2(Ω)n;
k∑
j=0
|∇j ϕ| < ∞
}
,
H 10 (Ω)
n = {ϕ ∈ H 1(Ω)n; ϕ|∂Ω = 0, ‖ϕ‖ < ∞},
V = V ×H 10 (Ω) with V =
{
v ∈ H 10 (Ω)2; ∇ · v = 0
}
,
H= H ×L2(Ω) with H the closure of V in the space L2(Ω)2,
where the norms
|φ| =
(∫
Ω
∣∣φ(x1, x2)∣∣2
)1/2
and ‖φ‖ = |∇φ|.
Moreover, for u = (v,w) ∈ V, we define the operators
Au = (−(ν + κ)Pv,−γw),
Lu = (−2κ∇ ×w,−2κ∇ × v + 4κw),
B(v,u) = (P(v · ∇v), v · ∇w),
where P is the orthogonal projector in L2(Ω)2 on the space H . Similar to properties of the
Stokes operator −P (see, for example, [12,13]), the domain of A, denoted by D(A), can be
characterized as
D(A) = V ∩H 2(Ω)3,
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written in the functional form
u′ + Au+ B(v,u) +Lu = F, (1.4)
or 〈
u′ + Au+ B(v,u) +Lu,ϕ〉= 〈F,ϕ〉, ϕ ∈ V (1.5)
for u(t) = (v(t),w(t)) ∈ D(A), F ∈H and u′ = ∂u/∂t . Here 〈· , ·〉 denotes the duality pairing
between V and its dual space V ′. Obviously,
〈φ,ϕ〉 =
∫
Ω
φ · ϕ whenever φ,ϕ ∈ L2(Ω)3.
The main result of this study reads as follows.
Theorem 1.1. Suppose that Ω ⊂ R2 is a bounded domain with smooth boundary ∂Ω . Then, for
F = (f, g) ∈H, Eq. (1.4) admits a global attractor A in the following sense:
A is compact in D(A), S(t)A=A and lim
t→∞ supu0∈B
inf
ϕ∈A
∣∣A(S(t)u0 − ϕ)∣∣= 0
for any bounded set B ⊂H, provided that S(t)u(0) = u(t) is a solution of (1.4).
By the well-known abstract result [13, Theorem 1.1, Chapter III], the existence of a global
attractor in the following sense
A is compact in H, S(t)A=A and lim
t→∞ supu0∈B
inf
ϕ∈A
∣∣S(t)u0 − ϕ∣∣= 0
has been obtained in [5], where the compactness in H results from boundedness in V due to
Sobolev compact imbedding theorem. However, Theorem 1.1 shows the existence of global at-
tractor which is compact in the space D(A), a subspace of H 2(Ω)3. Thus the Sobolev compact
imbedding theorem and [13, Theorem 1.1, Chapter III] are not available in the proof of the exis-
tence of the compact global attractor in D(A) due to the limited assumption F ∈H. Fortunately,
Theorem 1.1 can be derived by employing an abstract result [6] on the existence of global attrac-
tors from viewpoint of measuring noncompactness. This results is simplified as follows.
Theorem 1.2. [6] Let S(t) :X →X be a semigroup with X a Banach space. Suppose the follow-
ing assumptions holds true:
(A1) There exists a ball Bρ of X with radius ρ > 0 such that for any bounded set B ⊂X there
exists a constant t0(B) > 0 satisfying
S(t)u0 ∈ Bρ, whenever t > t0(B) and u0 ∈ B.
(A2) The operator S : (t, u0) → S(t)u0 ∈X is continuous with respect to (t, u0) ∈ [0,∞) ×X .
(A3) For any ε > 0 and any bounded subset B ⊂X , there exist a constant T0(B) > 0, a finite-
dimensional subspace X0 ⊂X and a bounded projection operator P0 :X →X0 such that∥∥(I − P0)S(t)u0∥∥X  ε and ∥∥P0S(t)u0∥∥X < c
whenever t > T0(B) and u0 ∈ B,
where c is a constant independent of t > T0(B) and u0 ∈ B .
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A is compact in X , S(t)A=A and lim
t→∞ supu0∈B
inf
ϕ∈A
∥∥S(t)u0 − ϕ∥∥X = 0
for any bounded subset B ⊂X .
Here Bρ is known as an absorbing set (see [13] for its definition), the assumptions (A2)
and (A3) are known as C0 continuity and condition C (see [6]), respectively. If we let X = D(A),
Theorem 1.2 implies the existence of a global compact attractor in D(A) provided that the as-
sumptions (A1)–(A3) are valid. Therefore, Theorem 1.1 lies in the validity of the assumptions
(A1)–(A3) with X = D(A) and the following property for sufficiently large t :
S(t) maps a bounded set of H into a bounded set of D(A). (1.6)
For X = D(A), the assumption (A1) and the property (1.6) are derived in Section 2 and the
proofs of the assumptions (A2) and (A3) are demonstrated in Sections 3 and 4, respectively.
2. Proof of the assumption (A1) and the property (1.6)
This section is based on the existence, uniqueness and regularity result of solutions to the
two-dimensional micropolar fluid motion equations:
Lemma 2.1. Let F ∈H, T > 0 and u0 = (v0,w0). Then (1.4) associated with the initial condi-
tion u(0) = u0 admits a unique solution u = (v,w) such that
u ∈ L∞(0, T ;H)∩L2(0, T ;V), u′ ∈ L2(0, T ;V ′) if u0 ∈H,
u ∈ L∞(0, T ;V)∩L2(0, T ;D(A)), u′ ∈ L2(0, T ;H) if u0 ∈ V,
Au,u′ ∈ L∞(0, T ;H)∩ L2(0, T ;V), u′′,Au′ ∈ L2(0, T ;V ′) if u0 ∈ D(A).
This result is almost obtained in [7,8,11]. The assertion for u0 ∈H is also derived in [5]. The
arguments of [5,7,8,11] applies to the derivation of Lemma 2.1 by using the Galerkin approxi-
mation. We thus omit the proof of Lemma 2.1.
For convenience, let us list some usual estimates of the operators B , A and L.
Similar to the estimation of the bilinear operator of the two-dimensional Navier–Stokes
equations (see, for example, [12]), we apply an interpolation inequality (see, for example,
[12, Chapter III, Lemma 3.3]) and the Hölder inequality to get〈
B(v,u),ϕ
〉
 ‖v‖L4‖u‖L4‖ϕ‖ c |v|1/2‖v‖1/2|u|1/2‖u‖1/2‖ϕ‖ (2.1)
for (v,u,ϕ) ∈ V × V × V . Moreover, we use the Hölder inequality and the Agmon inequality
[1, Lemma 13.2] to obtain〈
B(v,u),ϕ
〉
 ‖v‖L∞‖u‖|ϕ| c|v|1/2|Pv|1/2‖u‖|ϕ| (2.2)
for (v,u,ϕ) ∈ V ∩ H 2(Ω)2 × V ×H. Here c is a generic constant independent of t , u, v, ϕ, κ ,
ν and γ .
Integrating by parts and employing the Hölder inequality, we have the known estimates (see,
for example, [5]):
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 ν‖v‖2 + γ ‖w‖2
min{ν, γ }‖u‖2, u = (v,w) ∈ V, (2.3)
−〈Lu,Au〉 = −2κ(ν + κ)〈∇ ×w,Pv〉 − 2κγ 〈∇ × v,w〉 − 4κγ ‖w‖2
 2κ|∇ ×w||Au| + 2κ|∇ × v||Au|
 2κ2‖u‖2 + 1
2
‖Au‖2, u = (v,w) ∈ D(A), (2.4)
min{ν + κ, γ }‖u‖2  〈Au,u〉 λ−1/20 |Au|‖u‖, u ∈ D(A), (2.5)
with the constant λ0 > 0 satisfying the Poincaré inequality
λ0|u|2  ‖u‖2. (2.6)
With the use of the estimates displayed above, we can now estimate the solution of (1.5). By
(2.3), (2.6) and the divergence free condition of v, we derive from (1.5) with ϕ = u that
d
dt
|u|2 = −2〈Au,u〉 − 2〈Lu,u〉 + 2〈F,u〉
−min{ν, γ }‖u‖2 + |F ||u|
−λˆ|u|2 − 1
3
min{ν, γ }‖u‖2 + c|F |2
for λˆ = 13λ0 min{ν, γ }. We thus have
∣∣u(t)∣∣2 + min{ν, γ }
3
t∫
0
e−λˆ(t−s)‖u‖2  ∣∣u(0)∣∣2e−λˆt + c|F |2 (2.7)
and
∣∣u(t)∣∣2 + min{ν, γ }
3
t∫
s
‖u‖2  ∣∣u(s)∣∣2 + c(t − s)|F |2

∣∣u(0)∣∣2e−λˆs + c(t − s + 1)|F |2. (2.8)
Moreover, we use (2.2), (2.4) and (1.5) with ϕ = Au to obtain
d
dt
(
(ν + κ)‖v‖2 + γ ‖w‖2)
= −2|Au|2 + 2〈F,Au〉 − 2〈B(v,u),Au〉− 2〈Lu,Au〉
−2|Au|2 + 4|F |2 + 1
4
|Au|2 + c|v|1/2‖u‖|Au|3/2 + 2κ2‖u‖2 + 1
2
|Au|2
−|Au|2 + 4|F |2 + c|u|2‖u‖4 + 2κ2‖u‖2. (2.9)
This together with the classical Gronwall inequality and (2.7), (2.8) yields∥∥u(t)∥∥2  c(∥∥u(0)∥∥2 + 4t |F |2)e∫ t0 (c|u|2‖u‖2+2κ2)
 c
(∥∥u(0)∥∥2 + t |F |2)ec(|u(0)|2+|F |2)(|u(0)|2+(t+1)|F |2)+ct , (2.10)
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wall lemma [13, Lemma 1.1, Chapter III] and (2.7), (2.8) implies
∥∥u(t + 1)∥∥2  c
( t+1∫
t
‖u‖2 + 4|F |2
)
e
∫ t+1
t (c|u|2 ‖u‖2+2κ2)
 c
( t+1∫
t
‖u‖2 + 4|F |2
)
ec(|u(0)|2e−λˆt+c|F |2)
∫ t+1
t ‖u‖2+2κ2
 c
(∣∣u(0)∣∣2e−λˆt + |F |2)e(c(|u(0)|2e−λˆt+|F |2)2, (2.11)
and so, by (2.6), (2.9),
t+2∫
t+1
|Au|2  ∥∥u(t + 1)∥∥2 + 4|F |2 +
t+2∫
t+1
(
c‖u‖6 + 2κ2‖u‖2)
 4|F |2 + c(∣∣u(0)∣∣2e−λˆt + |F |2 + 1)3ec(|u(0)|2e−λˆt+|F |2)2 . (2.12)
Differentiating (1.4) with respect to t and then taking inner product with ϕ, we have〈
u′′ +Au′ +B(v′, u)+ B(v,u′)+Lu′, ϕ〉= 0. (2.13)
That is, for ϕ = u′ and by [12, Lemma 1.2, Chapter III], Lemma 2.1 and (2.1), (2.3),
d
dt
|u′|2 = −2〈Au′, u′〉 − 2〈Lu′, u′〉 − 2〈B(v′, u), u′〉
−min{ν, γ }‖u′‖2 + c|v′|1/2‖v′‖1/2|u|1/2‖u‖1/2‖u′‖
−min{ν, γ }‖u′‖2 + c|u′|1/2|u|1/2‖u‖1/2‖u′‖3/2
−1
2
min{ν, γ }‖u′‖2 + c|u′|2|u|2‖u‖2, (2.14)
which together with the classical Gronwall inequality yields∣∣u′(t + 2)∣∣2  ∣∣u′(s)∣∣2ec ∫ t+2s |u|2‖u‖2 .
Integrating this inequality with respect to s and making use of (1.4), (2.2), (2.7), (2.11), (2.12),
we have
∣∣u′(t + 2)∣∣2  ec ∫ t+2t+1 |u|2‖u‖2
t+2∫
t+1
|u′|2
= ec
∫ t+2
t+1 |u|2‖u‖2
t+2∫
t+1
∣∣F −Au−Lu−B(v,u)∣∣2
 cec
∫ t+2
t+1 |u|2‖u‖2
t+2∫ (|Au|2 + ‖u‖2 + |F |2 + |v|‖u‖2|Au|)
t+1
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t+1 |u|2‖u‖2
t+2∫
t+1
(|Au|2 + ‖u‖2 + |F |2 + |u|2‖u‖4)
 c
(∣∣u(0)∣∣2e−λˆt + |F |2 + 1)3ec(|u(0)|2e−λˆt+|F |2)2 . (2.15)
On the other hand, combination of (1.4) with (2.2), (2.6) implies
|Au|−|Au| + 2|u′| + 2|F | + 2∣∣B(v,u)∣∣+ 2|Lu|
−|Au| + 2|u′| + 2|F | + c|v|1/2‖u‖|Au|1/2 + c‖u‖2
 2|u′| + 2|F | + c|u|‖u‖2 + c‖u‖2. (2.16)
Hence, by (2.7), (2.11), (2.15), we obtain that∣∣Au(t + 2)∣∣2  c(∣∣u(0)∣∣2e−λˆt + |F |2 + 1)3ec(|u(0)|2e−λˆt+|F |2)2 . (2.17)
This implies the existence of the desired absorbing set Bρ ⊂ D(A) such that
u(t) ∈ Bρ whenever t > t0(B), u(0) ∈ B ⊂H
for any bounded set B of H and a constant t0(B) > 2. Here the radius ρ is chosen to be the
right-hand side term of (2.17) with t = 0 and |u(0)| = 1. We thus obtain the validity of the
assumption (A1) with X = D(A) and the property (1.6).
3. Proof of the assumption (A2)
For reader’s convenience, we commence the proof of the continuity
u(·) = S(·)u0 ∈ C
([0, T ];D(A))
for a fixed initial vector field u0 ∈ D(A) and a constant T > 0, although this continuity
u(·) ∈ C([0, T ];D(A)) is implied from a regularity result of [8], where a three-dimensional fluid
domain is considered.
From Lemma 2.1, we see that
u ∈ L2(0, T ;D(A)), u′ ∈ L2(0, T ;H), u′ ∈ L2(0, T ;V), u′′ ∈ L2(0, T ;V ′).
Combining this property with an imbedding lemma (see, for example, [12, Lemmas 1.1, 1.2,
Chapter III]), we have
u ∈ C([0, T ];V), u′ ∈ C([0, T ),H).
Here the continuity u ∈ C([0, T ];V) is obtained by using 〈A1/2· ,A1/2·〉, the duality pairing
between D(A) and H. Hence, we have
Lu ∈ C([0, T ];H), B(v,u) ∈ C([0, T ];Lp(Ω)3) for p = 4
3
,
since ∥∥B(v,u)(t) −B(v,u)(s)∥∥
Lp
 c
∥∥v(t)− v(s)∥∥
L4
∥∥u(s)∥∥+ c∥∥v(s)∥∥
L4
∥∥u(t)− u(s)∥∥
 c
∥∥u(t)− u(s)∥∥∥∥u(s)∥∥+ c∥∥u(s)∥∥∥∥u(t)− u(s)∥∥
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Eq. (1.4) implies Au ∈ C([0, T ];L4/3(Ω)3), and hence∣∣B(v,u)(t) − B(v,u)(s)∣∣

∥∥v(t)− v(s)∥∥
L∞
∥∥u(s)∥∥+ ∥∥v(s)∥∥
L∞
∥∥u(t)− u(s)∥∥
 c
∥∥A(u(t)− u(s))∥∥
L4/3
∥∥u(s)∥∥+ c∥∥Au(s)∥∥
L4/3
∥∥u(t)− u(s)∥∥
by the Sobolev imbedding inequality. This shows B(v,u) ∈ C([0, T ];H) and therefore u ∈
C([0, T ];D(A)) resulting from (1.4).
With the continuity S(·)u0 ∈ C([0, T ];D(A)), it now remains to verify the validity of Lip-
schitz continuity of the semigroup S(t) :D(A) → D(A).
To do so, for two solutions u = (v,w) and uˆ = (vˆ, wˆ) of (1.5), we let
u˜ = (v˜, w˜) = u− uˆ = (v − vˆ,w − wˆ).
It follows from (1.4) that
u˜′ = −Au˜−Lu˜−B(v˜, u)− B(vˆ, u˜). (3.1)
This implies, by (2.2), that
1
2
d
dt
(
(ν + κ)‖v˜‖2 + γ ‖w˜‖2)
= −|Au˜|2 − 〈Lu˜,Au˜〉 − 〈B(v˜, u),Au˜〉− 〈B(vˆ, u˜),Au˜〉
−|Au˜|2 + c‖u˜‖|Au˜| + c|v˜|1/2‖u‖|Au˜|3/2 + c|vˆ|1/2|Auˆ|1/2‖u˜‖|Au˜|
−1
2
|Au˜|2 + c‖u˜‖2 + c‖u˜‖2‖u‖4 + c|uˆ||Auˆ|‖u˜‖2.
Applying the classical Gronwall inequality and (2.8)–(2.10) to this estimate, we have∥∥u˜(t)∥∥2  c∥∥u˜(0)∥∥2ec ∫ t0 (1+‖u‖4+|uˆ| |Auˆ|)
 c
∥∥u˜(0)∥∥2e‖uˆ(0)‖2+c ∫ t0 (1+‖u‖4+|uˆ|2+|F |2+|uˆ|2‖uˆ‖2+‖uˆ‖2)
 c
∥∥u˜(0)∥∥2ect+∫ t0 (‖u‖4+‖uˆ‖2)
 c
∥∥u˜(0)∥∥2eect+c . (3.2)
Here c is a generic constant independent of t and u˜(0).
Furthermore, differentiating (3.1) with respect to t , we have〈
u˜′′ +Au˜′ +Lu˜′ +B(v˜′, u) +B(v˜, u′)+B(vˆ′, u˜)+B(vˆ, u˜′), u˜′〉= 0.
Integrating by parts and using Lemma 2.1, [12, Lemma 1.2, Chapter III] and (2.1), (2.3), (2.6),
we have
1
2
d
dt
|u˜′|2 = −〈Au˜′, u˜′〉 − 〈Lu˜′, u˜′〉 − 〈B(v˜′, u)− B(v˜, u′)−B(vˆ′, u˜), u˜′〉
−min{ν, γ }‖u˜′‖2 + c|v˜′|1/2‖v˜′‖1/2|u|1/2‖u‖1/2‖u˜′‖
+ c|v˜|1/2‖v˜‖1/2|u′|1/2‖u′‖1/2‖u˜′‖ + c|vˆ′|1/2‖vˆ′‖1/2|u˜|1/2‖u˜‖1/2‖u˜′‖
−1
2
min{ν, γ }‖u˜′‖2 + c|u˜′|1/2|u|1/2‖u‖1/2‖u˜′‖3/2
+ c|u˜|‖u˜‖|u′|‖u′‖ + c|uˆ′|‖uˆ′‖|u˜|‖u˜‖
 c|u˜′|2|u|2‖u‖2 + c‖u′‖2‖u˜‖2 + c‖uˆ′‖2‖u˜‖2
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∣∣u˜′(t)∣∣2  ∣∣u˜′(0)∣∣2 + c
t∫
0
|u˜′|2|u|2‖u‖2 + c
t∫
0
(‖u′‖2 + ‖uˆ′‖2)‖u˜‖2

∣∣u˜′(0)∣∣2 + c
t∫
0
|u˜′|2|u|2‖u‖2 + c∥∥u˜(0)∥∥2eect+c
t∫
0
(‖u′‖2 + ‖uˆ′‖2). (3.3)
It follows from (2.7), (2.11), (2.14) that the last term on the right-hand side of this inequality is
now bounded by
c
∥∥u˜(0)∥∥2eect+c
(∣∣u′(0)∣∣2 + ∣∣uˆ′(0)∣∣2 +
t∫
0
|u′|2|u|2‖u‖2 +
t∫
0
|uˆ′|2|uˆ|2‖uˆ‖2
)
 c
∥∥u˜(0)∥∥2eect+c(∣∣u′(0)∣∣2 + ∣∣uˆ′(0)∣∣2 + ∣∣u′(0)∣∣2ec ∫ t0 |u|2‖u‖2 + ∣∣uˆ′(0)∣∣2ec ∫ t0 |uˆ|2‖uˆ‖2)
 c
∥∥u˜(0)∥∥2eect+c(∣∣u′(0)∣∣2 + ∣∣uˆ′(0)∣∣2),
where the use is made of the inequality∣∣u′(t)∣∣ ∣∣u′(0)∣∣2ec ∫ t0 |u|2‖u‖2 , (3.4)
which is a consequence of the classical Gronwall inequality and (2.14). Since∣∣u′(0)∣∣2 + ∣∣uˆ′(0)∣∣2  c∣∣Au(0)∣∣2 + c∣∣Auˆ(0)∣∣2 + c|F |2 (3.5)
due to (1.4) and the continuity u′,Au ∈ C([0, T ];H), we thus obtain from (3.3) that
∣∣u˜′(t)∣∣2  ∣∣u˜′(0)∣∣2 + c∥∥u˜(0)∥∥2eect+c + c
t∫
0
|u˜′|2|u|2‖u‖2

(∣∣u˜′(0)∣∣2 + c∥∥u˜(0)∥∥2eect+c)ec ∫ t0 (|u|2‖u‖2+1)
 c
∣∣Au˜(0)∣∣2eect+c , (3.6)
where we have used (2.7), (2.8), (3.1) and the classical Gronwall inequality.
Hence, by (2.2), (2.10), (3.1), (3.2), we have
1
2
∣∣Au˜(t)∣∣−1
2
|Au˜| + |u˜′| + |Lu˜| + ∣∣B(v˜, u)∣∣+ ∣∣B(vˆ, u˜)∣∣
−1
2
|Au˜| + c|u˜′| + c‖u˜‖ + c|u˜|1/2|Au˜|1/2‖u‖ + c|uˆ|1/2|Auˆ|1/2‖u˜‖
 c|u˜′| + c‖u˜‖ + c|u˜|‖u‖2 + c|uˆ|1/2|Auˆ|1/2‖u˜‖
 c|u˜′| + c‖u˜‖(1 + ‖u‖2 + |Auˆ|).
This implies, by (2.7), (2.11), (2.16), (3.4), (3.5),∣∣Au˜(t)∣∣ c|u˜′| + c‖u˜‖(1 + ‖u‖2 + |uˆ′| + |uˆ|‖uˆ‖2 + ‖uˆ‖2 + |F |)
 c|u˜′| + c‖u˜‖(1 + ‖u‖2 + ∣∣uˆ′(0)∣∣ec ∫ t0 |uˆ|2‖uˆ‖2 + |uˆ|‖uˆ‖2 + ‖uˆ‖2 + |F |)
 c|u˜′| + c‖u˜‖ect .
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and thus assumption (A2) of Theorem 1.2 with X = D(A) is valid.
4. Proof of assumption (A3)
Let {φn} ⊂ D(A) be the family of all eigenfunctions of A such that
Aφn = λnφn, 0 < λ1  λ2  · · · λn  λn+1, lim
n→∞λn = ∞,
and
(φn,φm) =
{1 if n = m,
0 if n = m.
We define the n-dimensional subspace Hn ⊂ D(A) and the projection operator Pn :H → Hn
such that
Hn = span{φ1, . . . , φn} and Pnu =
n∑
m=1
(u,φm)φm.
Let u′n = (I −Pn)u′ and t > 2. Employing (2.3), (2.15), (2.17) and the Agmon inequality, we
derive from (2.13) with ϕ = u′n that
d
dt
∣∣u′n∣∣2 +
∞∑
m=n+1
(u′, φm)2λm
= −〈Au′n,u′n〉− 2〈Lu′, u′n〉− 2〈B(v′, u), u′n〉− 2〈B(v,u′), u′n〉
= −min{ν, γ }∥∥u′n∥∥2 + 2|v′|‖u‖L∞∥∥u′n∥∥+ 2‖v‖L∞|u′|∥∥u′n∥∥
= c|v′||Au| + c|Av||u′| c|Au||u′| c
with c dependent only on |F |, |u(0)|, ν, γ and κ . This gives
d
dt
∣∣u′n(t + 2)∣∣2 + λn+1∣∣u′n(t + 2)∣∣2  c,
and hence, by (2.15),∣∣u′n(t + 3)∣∣2  ∣∣u′n(3)∣∣2e−λn+1t + cλn+1
(
1 − e−λn+1t) ce−λn+1t + c
λn+1
. (4.1)
Moreover, applying the operator (I − Pn) to (1.4) and using (2.2), (2.17), (4.1), we find that,
for t > 3,∣∣(I − Pn)Au(t)∣∣2 = ∣∣−u′n + (I − Pn)(F −B(v,u) −Lu)∣∣2
 2
∣∣u′n∣∣2 + 2
∞∑
m=n+1
(
F − B(v,u) −Lu,φm
)2
 2
∣∣u′n∣∣2 + c(|F |2 + |u||Au|‖u‖2 + ‖u‖2)
∞∑
|φm|2m=n+1
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∣∣u′n∣∣2 + c(|F |2 + |Au|4 + |Au|2)
∞∑
m=n+1
|φm|2
 ce−λn+1(t−3) + c
λn+1
+ c
∞∑
m=n+1
|φm|2
and ∣∣PnAu(t)∣∣ ∣∣Au(t)∣∣ c.
Consequently, for any ε > 0 and any bounded subset of B ⊂ D(A), there exist constants
T0(B) > 0, n0 > 0 and c = c(B, |F |, ν, γ, κ) such that∣∣(I − Pn)AS(t)u0∣∣ ε and ∣∣PnAS(t)u0∣∣ c
whenever t > T0(B) and n > n0.
Hence assumptions (A1)–(A3) with X = D(A) hold true and Theorem 1.2 implies the ex-
istence of a global attractor A ⊂ D(A) which attracts any bounded set B ⊂ D(A). Since the
absorbing set Bρ derived in Section 2 also absorbs any bounded set of H due to (1.6), the global
attractor A also attracts any bounded set of H.
The proof of Theorem 1.1 is thus complete. 
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